In this paper we exhibit an obstruction to fibering a manifold over a sphere that extends the obstructions mentioned above. We then essentially answer all open questions but one regarding the problem of which cobordism classes can be represented by a bundle over S 4 .
1. Introduction. In [3] , Conner and Floyd introduced the problem of determining which cobordism classes in 9?* could be represented by a manifold fibered (smoothly) over a given sphere. They showed that if w t {M) denotes the ith Stief el-Whitney class of a manifold M, then a class ω E $l n fibers over S ι (i.e. ω contains a representative that fibers over S ] ) if and only if the Stief el-Whitney number w n (ω) = 0. Extending the study, R. L. W.Brown [2] showed that a class ω E %l n fibers over S 2 if and only if the Stief el-Whitney number w n (ω) = 0 if n is even and w 2 w w _ 2 (co) = 0 if n is odd. Subsequent investigations have considered fiberings over a variety of manifolds, yielding complete solutions in a number of cases. But R. E. Stong [8] observed that spheres, aside from having a natural importance, actually play a key role here. He showed (1.1) If a class ω E %l n fibers over S k 9
then ω fibers over any manifold N q with q < k.
At present, for fiberings over spheres of any higher dimension than two, there are only partial results. In solving the S 2 problem, Brown exhibited a general necessary condition [2, Prop. 2.1] for a manifold to fiber over a sphere S k that is based on the Brown-Peterson relations among characteristic classes. Using it, he derived the Stiefel-Whitney number obstructions mentioned above. D. F. X. O'Reilly [7] (see also A. , then all Stiefel-Whitney numbers divisible by \w n ,w n -ι, ..,w n -2k+\ forw even \w»,w n -ι, ..,w n -2k for « odd are zero.
What is significant, is that although these conditions turn out to be sufficient for a cobordism class to fiber over S 2 , they are far from sufficient for guaranteeing the fibering of a class over a sphere of any higher dimension. This is made clear in O'Reilly's study of fiberings over the 4-sphere. The conditions given by (1.2) are shown to leave the fibering status of a good number of classes unaccounted for.
The purpose of this paper is to somewhat expand Brown's condition (involving the Brown-Peterson relations) and then more importantly, demonstrate its use; not as a device for obtaining obstructions in terms of Stiefel-Whitney numbers but actually as an obstruction itself to fibering cobordism classes over spheres. With this point of view we are able to extend the results of O'Reilly and Didierjean, essentially answering all open questions but one, regarding the problem of which cobordism classes fiber over S
.
Throughout this paper we will use no notation to differentiate between a manifold and its cobordism class. Also all cohomology will be with Z 2 coefficients.
Main results. Given a (smooth
n -» BO classify the stable tangent bundle of M n and let the (mod 2) Steenrod algebra & act on the right of H*(BO) and 7/*(M) as in [1] . 
Thus τ£(γ υ Sq -r -i -j) . By (2.5) and since r > / + j -k the result follows. D
The fact that the conditions given by Theorem 1 prove to be sufficient for a class in %* to fiber over S x or S 2 can be expressed as follows. All characteristic number obstructions to fibering a manifold over S ] or S 2 come from those characteristic classes of the total space that by the Brown-Peterson relations restrict to zero on the fiber. In [5] however, it was observed that all obstructions to fibering a complex manifold over S 
Turning to the problem of fiberings over S 4 , the key role is again played by the Wu classes.
Let X 4 , X 5 and X 6 be indecomposables in 9Ϊ* of dimensions 4, 5 and 6 respectively. ( The proof of Theorem 2 essentially takes up the remainder of the paper. The key to the proof is in §3 where Theorem 1 is applied. Specific obstructions, going beyond those given in [7] and [4] , are exhibited and are shown to account for a number of families of classes in 9ΐ* not fibering over S 4 . In §4 we tie up the loose ends through actual construction of fibrations and formally complete the proof. In §5 we present a result about fiberings over S 3 .
3. Obstructions. We begin this section by recalling results of Brown and O'Reilly. PROPOSITION where 0 1 denotes the trivial line bundle. For convenience, we will from now on omit the "/?*" from our notation and will let η once and for all denote the appropriate canonical line bundle over whatever projective bundle we may be dealing with. We let γ denote the quaternionic line bundle over S 4 = H?(l) (γ is a real 4-bundle) and we let θ n denote the trivial ^-bundle. Finally, we recall some facts (see [6] ) about the so-called s numbers of a manifold. If the total Stiefel-Whitney class w of a bundle E over M is given by w(E) = (1 + /,)(! + t 2 )
(Brown
(1 + t k ) for t t G H\M\ then for any partition / = / } , z' 2 ,... ,/ r of k, the polynomial s r in the Stiefel-Whitney classes of E is defined by 3 where a E H\S 2 ) is the generator and c = Wjίη) E H\RP(λ θ ^j)) (resp. /ί^RPίλ θ ί 3 ))). Now, s 22 (X 4 ) = w 2 (X 4 ) = 1 (using (4.1) (4.5) and Lemmas 4.6, 4.7 and 4.9, it (2) where λ is the pullback of the canonical line bundle over RP (2) . As before, we see that M/ 6 = a n XiX 6 where a is the puUback of the generator of H\RP (2)). Now by techniques demonstrated earlier, we obtain the following chart of s-numbers: As in (i) we get that [Sq r v t ] = 0 E A%(β) for t = n 9 n -1, r > t -4 and hence by Proposition 3.4 and the remark following it, β = tfX"~5(^4^6 + X*). (ii) Similarly, w 3 w 2n _ 3 (ω) = 0 since w 3 = w 2 Sq 1 .
